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Abstract. We introduce ribbon-moves of 2-knots, which are operations to make 
2-knots into new 2-knots by local operations in B^. (We do not assume the new 
knots is not equivalent to the old ones.) 

Let Li and L2 be 2-links. Then the following hold. 

(1) If Li is ribbon-move equivalent to L2, then we have 

(2) Suppose that Li is ribbon- move equivalent to L2. Let Wi be arbitrary 
Seifert hypcrsurfaces for Li. Then the torsion part of Hi{Wi) © i?i(W2) is 
congruent to G © G for a finite abelian group G. 

(3) Not all 2-knots arc ribbon-move equivalent to the trivial 2-knot. 

(4) The inverse of (1) is not true. 

(5) The inverse of (2) is not true. 

Let L = (Li,L2) be a sublink of homology boundary link. Then we have: 
(i) L is ribbon-move equivalent to a boundary link, (ii) = + /i(L2). 

We would point out the following facts by analogy of the discussions of finite 
type invariants of 1-knots although they are very easy observations. By the 
above result (1), we have: the /i-invariant of 2-links is an order zero finite type 
invariant associated with ribbon-moves and there is a 2-knot whose /i-invariant 
is not zero. The mod 2 alinking number of (S*^, T^)-links is an order one finite 
type invariant associated with the ribbon-moves and there is an (S*^, r^)-link 
whose mod 2 alinking number is not zero. 



§1. Introduction 

In this paper we discuss ribbon- moves. 

An (oriented) (ordered) m-component 2- (dimensional) link is a smooth, ori- 
ented submanifold L — {Ki, Km} of S"*, which is the ordered disjoint union 
of m manifolds, each diffeomorphic to the 2-sphere. If to = 1, then L is called a 
2-knot. We say that 2-links Li and L2 are equivalent if there exists an orienta- 
tion preserving diffcomorphism f : ^ such that f(Li)=L2 and that : 
Li — *• L2 is an order and orientation preserving diffeomorphism. Let id : S'^ ^ 
S'^ be the identity. We say that 2-links Li and L2 are identical if id{Li)=L2 and 
that id\L^ : Li ^ L2 is an order and orientation preserving diffeomorphism. 

We define ribbon-moves of 2-links. 

Definition 1.1. Let Li = {Ki^i...Ki^jn) and L2 = {K2,i-..K2,m) be 2-knots in 
S"*. We say that L2 is obtained from Li by one ribbon-move if there is a 4-ball 
B of S*^ with the following properties. 

(1) Li-(BnLi)^L2-{BnL2). 
K,,,-iBnKi,,)^K2,,^{BnK2j) 

These diffeomorphism maps arc orientation preserving. 

(2) B n Li is drawn as in Figure 1.1. B Ci L2 is drawn as in Figure 1.2. 
We regard B as (a close 2-disc)x[0, 1] x {t\ - 1 < t < 1}. We put Bt =(a 

close 2-disc)x[0, 1] x {t}. Then B = DBt- In Figure 1.1 and 1.2, we draw 
B_o.5, Bq, i?o.5 C B. We draw Li and L2 by the bold line. The fine line denotes 
dBt. 

BnLi (resp. B D L2) is diffeomorphic to D"^ 11 {S^ x [0, 1]). 

B f^ Li has the following properties: BfCiLi is empty for ~1 < t < and 
0.5 < i < 1. Bo n Li is diffeomorphic to E {S^ x [0, 0.3]) n [S^ x [0.7, 1]). 
Bo.snii is diffeomorphic to (5^ x [0.3, 0.7]). BtDLi is diffeomorphic to S^US'^ 
for < t < 0.5. 

B n L2 has the following properties: Bt Ci L2 is empty for —l<t< —0.5 
and < f < 1. So n L2 is diffeomorphic to Jl {S^ x [0, 0.3]) H {S^ x [0.7, 1]). 
B_o.5nL2 is diffeomorphic to {S'^ x [0.3, 0.7]). BtnL2 is diffeomorphic to S^JIS^ 
for -0.5 < t < 0. 

We do not assume which the orientation of B n Li (resp. B (1 L2 ) is. 
Figure 1.1. 
Figure 1.2. 

Suppose that L2 is obtained from Li by one ribbon-move and that L2 is 
equivalent to ^2- Then we also say that L'2 is obtained from Li by one ribbon- 
move, li Li is obtained from L2 by one ribbon-move, then we also say that L2 
is obtained from Li by one ribbon-move. 

Definition 1.2. 2-knots Li and L2 are said to be ribbon-move equivalent if 
there are 2-knots Li = Li, £2, ■■■,Lp-i, Lp = L2 (p G N,p > 2) such that Lj is 
obtained from (1 < i < p) by one ribbon-move. 
In this paper we discuss the following problems. 

Problem 1.3. Let Li and L2 be 2-links. Consider a necessary (resp. sufficient, 
necessary and sufficient ) condition that Li and L2 are ribbon-move equivalent. 
In particular, is there a 2-knot which is not ribbon-move equivalent to the trivial 
2-knot? 

Note. (1) Of course all m-component ribbon 2-links are ribbon-move equivalent 
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to the trivial m-component link. See Appendix for the definition of ribbon 2- 
links. 

(2) By using §4 of it is easy to prove that there is a nonribbon 2-knot 
which is ribbon- move equivalent to the trivial 2-knot. 

Our motivation is as follows. We hope to investigate 'link space' E = {f\f : 

U ... II ^ S"* embeddings }. In the case of 1-dimensional knots and 
links, we know that it is useful to investigate the space of immersions of circles 
in order to help investigate the space of embeddings. To discuss the space 
of immersions and that of embeddings is to discuss local moves (or knotting 
operations). In the case of 1-dimensional knots and links, we find many relations 
among 'hnk space,' local moves, invariants of hnks, and QFT. (See 
etc.) In 1-dimensional case, it is easy to find an unknotting operation. But high 
dimensional case, our first task is to define what kind of local moves we use. In 
this paper we discuss ribbon-moves as one of such moves. 

This article is based on |^ . After , the author discusses relations between 
ribbon-moves of 2-knots and the Levie-Farber pairing and the Atiyah-Patodi- 
Singer-Casson-Gordon-Ruberman ry-invariants of 2-knots (see ). In |^ the 
author discussed relations between local moves of n-knots and some invariants 
of n-knots. 

§2. Main results 

Theorem 2.1 Let Li and L2 be 2-links in . Suppose that Li is obtained 
from L2 by one ribbon-move. Then there are Seifert hypersurfaces Vi for Li 
and V2 for L2 such that (Vi, ai) is spin preserving diffeomorphic to (V2, (72), 
where Ui is a spin structure induced from the unique one on . 

By using Theorem 2.1, we prove Theorem 2.2 and 2.3. 

Theorem 2.2. If 2-links L and L' are ribbon-move equivalent, then iJ,{L) —fi(L') . 

In §3 we define the /i-invariant of 2-links. 

Theorem 2.3. Let Li and L2 be 2-links in S*. Suppose that Li are ribbon- 
move equivalent to L2. Let Wt be arbitrary Seifert hypersurfaces for Li. Then 
the torsion part of Hi{Wi) (B Hi(W2) is congruent to G®G for a finite abelian 
group G. 

By using Theorem 2.2 we prove Corollary 2.4. By using Theorem 2.3 we 
also prove Corollary 2.4. 

Corollary 2.4. Not all 2-knots are ribbon-move equivalent to the trivial 2- 
knot. 

By using Theorem 2.3 we prove Corollary 2.5. 

Corollary 2.5. There is a 2-knot K such that ^.{K) — and that K is not 
ribbon-move equivalent to the trivial 2-knot. 

By using Theorem 2.2, we prove Corollary 2.6. 

Corollary 2.6. The inverse of Theorem 2.3 is not true. 



3 



In §3-7 we prove the above results. 

In §8 we prove that: Let L = [Lx^L'i) be a subUnk of homology boundary 
link. Then the following hold. (1) L is ribbon-move equivalent to a boundary 
link. (2) = /^(Li) + Ai(i2). 

In §9 we would point out the following facts by analogy of the discussions of 
finite type invariants of 1-knots although they are very easy observations. By 
Theorem 2.2, we have: the ^-invariant of 2-links is an order zero finite type 
invariant associated with ribbon-moves and there is a 2-knot whose /i-invariant 
is not zero. The mod 2 alinking number of (S"^, T^)-links is an order one finite 
type invariant associated with the ribbon-moves and there is an (S*^, r^)-link 
whose mod 2 alinking number is not zero. 

§3. The yu-invariant of 2-links 

See §IV of 1^ for the spin structures and the ^-invariant of closed spin 3- 
manifolds. 

Definition. Let L = ...j-ftTm) be a 2-link. Let be a Seifert hypersurface 
for L. Note that V is oriented so that the orientation is compatible with that 
on L. A spin structure cr on y is induced from the unique spin structure on . 
Attach m 3-dimensional 3-handles to V along each component of the boundary. 
Then we obtain the closed oriented 3-manifold V . The spin structure a extends 
over V uniquely. Call it d . We define the \x-invariant ii(V) of the 2-link L to 
be the /^-invariant /i((V", ct)) € Zia of the closed spin 3-manifold {V,<t). 

Claim. Under the above conditions fJ.{L) is independent of the choice of V . 

Proof. P. 580 of jl^ proved the above Claim when L is a knot. 
[ID says: 

Fact 3.1. fj71|/j Let V and V' be Seifert hypersurfaces for L. Then we have: 
there are Seifert hypersurfaces V — Vi,V2,...,Vp-i ,Vp for L with the following 
properties. 

(1) The embedding map ofVp is isotopic to that ofV, where we do not fix the 
boundary of the image. (Note. [V U V'] is not zero in general in H3{S^ — L;7i). 
But we can set [Vi UVp]=0 e HsiS'^ - L;Z). ) 

(2) For Vi and l^+i (i = 1, ...,p— Ij, there is a compact oriented ^-manifold 
Wi embedded in S"* which has a handle decomposition 

^ {V, X [0, 1])U (one q-handle) U(Vj+i x [0,1]) (q G {1,2,3};. 

We give Wi a spin structure induced from the unique one on S'^. 

The following two spin structures on Vi coincide one another. Call it ai. 

(i) The spin structure induced from the unique one on 5* 

(ii) The spin structure induced from the one on Wi . 

The following two spin structures on Vp coincide one another. Call it Cp. 

(i) The spin structure induced from the unique one on 5"* 

(ii) The spin structure induced from the one on Wp-i. 

The following three spin structures on Vi coincide each other (i = 2, 1). 
Call it CTi. 

(i) The spin structure induced from the unique one on 5"*. 

(ii) The spin structure induced from the one on Wi. 

(iii) The spin structure induced from the one on Wi+i. 
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The 3-dimensional closed oriented spin 3-manifolds {Vi,ai) are defined from 
(VijCTi) as in the above Definition {i — 1, (See §IV of |^ for the way to 

induce spin structures on manifolds from those on others. ) 

Let X, y be arbitrary elements of H2{Wi; Z)/Tor. Let x-y he the intersection 
product. 

We prove: x ■ y — 0. 

There is an oriented closed surface F embedded in Wi which represents 
X. Since F is embedded in S"*, [F] ■ [F] = 0. Hence x ■ x = Q for any element 
X G H2[Wi\ Z)/Tor. Hence x-y = for arbitrary elements y G H2{Wi] Z)/Tor. 
Hence the signature of the intersection form 

7l2(VF,;Z)/Tor x H2{W,-Z)/Toi ^ Z (x,y)^x-y 

is the zero map. Hence a{Wi) = 0. 

Therefore ^i{{Vi,ai)) - ii{-{Vi+i,di+i))= ^((^,(7^) U (-(F^+i, (Ti+i))= 
{mod 16 a{Wi)} = 0. Hence ii{{Vi,ai)) = ^liVi+i.di+i). [i = l,...p- 1.) 
Therefore /x((Vi, cti))= ^((V2, 6-2))=...= ^((Fp_i, (Tp_i))= n{Vp,ap). 
This completes the proof. 

§4. Proof of Theorem 2.1 

In order to prove Theorem 2.1, we introduce (l,2)-pass-moves of 2-links. 
Definition 4.1. Let Li = (Ki^i...Ki^rn) and L2 = {K2^i-.-K2.m) be 2-knots in 
5^. We say that L2 is obtained from Li by one (l,2)-pass-move if there is a 
4-ball B C S'^ with the following properties. We draw B as in Definition 1.1. 

(1) Li-iBnLi)=L2-{BnL2). 
K^,,-{BnK,^,)^K2,,-{BnK2,,) 

These difFcomorphism maps are orientation preserving. 

(2) B n Li is drawn as in Figure 4.1. B D L2 is drawn as in Figure 4.2. 

Figure 4.1. 
Figure 4.2. 

The orientation of the two discs in the Figure 4.1 (resp. Figure 4.2) is 
compatible with the orientation which is naturally determined by the (x, y)- 
arrows in the Figure. We do not assume which the orientations of the annuli in 
the Figures are. 

Suppose that L2 is obtained from Li by one (l,2)-pass-move and that L2 
is equivalent to L2. Then we also say that L'2 is obtained from ii by one 
(1,2) -pass-move . 

If Li is obtained from L2 by one (l,2)-pass-move, then we also say that L2 
is obtained from Li by one (1,2) -pass-move . 

2-knots Li and L2 are said to be (1,2) -pass-move equivalent if there are 2- 
knots Li — Li, L2, Lp^i, Lp = L2 {p £ N,p > 2) such that Li is obtained 
from (1 < i < p) by one (l,2)-pass-move. 

Proposition 4.2. Let L and L' be 2-links. Then the following conditions (1) 
and (2) are equivalent. 

(1) L is (1,2) -pass-move equivalent to L' . 

(2) L is ribbon-move equivalent to L' . 

It is obvious that Proposition 4.2 follows from Proposition 4.3. 

Proposition 4.3. Let L and L' be 2-links. Then the following hold. 

(1) If L is obtained from L' by one ribbon-move, then L' is obtained from L 
by one (l,2)-pass-move. 
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(2) If L is obtained from L' by one (l,2)-pass-move, then L' is obtained from 

L by two ribbon-m,ove. 

Proposition 4.3.(2) is obvious. 

Proposition 4.3.(1) follows from Proposition 4.4 because: The pair of a man- 
ifold and a submanifold, ( the 4-ball, (the 2-link) n (the 4-ball)), in Figure 4.1 
is included in the pair ( the 4-ball, (the 2-hnk) fi (the 4-ball)) in Figure 4.4. 

Proposition 4.4. Let Li = {Ki,i, Ki^m) and L2 ~ iK2,i, K2,m) be 2- 
links in S'^. Then the following two conditions (!) and {II) are equivalent. 
(!) Li is equivalent to L2. 

{II) There is a 4-ball B c with the following properties. We draw B as 
in Definition 1.1. 

(1) Li-{Bn Li) =L2-{Bn L2). 

Ki,, -{Bn Ki,,) = -{Bn K2,i) for each i. 
These diffeomorphism maps are orientation preserving. 

(2) B (iLi is drawn as in Figure 4-3. BDL2 is drawn as in Figure 4-4- 

Figure 4-3. 
Figure 4-4 ■ 

The orientation ofBr\L2 is compatible with the orientation which is naturally 
determined by the {x,y)-arrows in the Figure 4-4- 

It is obvious that Proposition 4.4 follows from Proposition 4.5. 

Proposition 4.5. Let Li = {Ki^i, ...,Ki^m) and L2 = (7^2,1, -f^2,m) be 
2-links in S*^ . Then the following two conditions {I) and {II) are equivalent. 
{I) Li is equivalent to L2. 

{II) There is a 4-ball B c S'^ with the following properties. We draw B as 
in Definition 1.1. 

(1) Li-{Bn Li) =L2-{Bn L2). 

Ki^i -{Bn Ki^i)=K2,i -{Bn K2,i) for each i. 

These diffeomorphism maps are orientation preserving. 

(2) B C\ Li is drawn as in Figure 4-5. B C\ L2 is drawn as in Figure 4-6- 

Figure 4-5. 
Figure 4-6. 

We do not assume which the orientation of B f] Li (resp. B H L2 ) is. 

Proposition 4.5 follows from Proposition 4.6 because: The pair of a manifold 
and a submanifold, ( the 4-ball, (the 2-link) n (the 4-ball)), in Figure 4.5 (resp. 
Figure 4.6) is made from the pair ( the 4-ball, (the 2-link) n (the 4-ball)) in 
Figure 4.7 (resp. Figure 4.8) by a rotation through 90° around an appropriate 
plane in the 4-ball in Figure 4.5 (resp. Figure 4.6) and by isotopy. 

Proposition 4.6. Let Li = {Ki^i, ...,Ki^jn) and L2 = (if2,i, ^2,m) be 2- 
links in 5*^. Then the following two conditions {I) and {II) are equivalent. 
(!) Li is equivalent to L2. 

{II) There is a 4-ball B c with the following properties. We draw B as 
in Definition 1.1. 

(1) Li-{BnLi)^L2-{BnL2). 

Ki^, - {Bn Ki^i)=K2,i - {Bn K2,i) for each i. 

These diffeomorphism maps are orientation preserving. 



6 



(2) B n Li is drawn as in Figure 4-7. B Cl L2 is drawn as in Figure 4-8. 
Figure 4- 7. 
Figure 4-8. 

We do not assume which the orientation of B H Li (resp. B H L2 ) is. 

Proof of Proposition 4.6. We obtain L2 from Li by an explicit isotopy, 
Figure 4.7 — > Figure 4.9 — > Figure 4.8. Note that the following Proposition 4.7 
holds by an explicit isotopy. This completes the proof of Proposition 4.2-4.6. 
Figure 4.9. 

Proposition 4.7. Let Li = {Ki,i, Ki^m) and L2 = {K2.1, K2,m) be 2- 
links in S^. Then the following two conditions (/) and {II) are equivalent. 
(/) Li is equivalent to L2. 

{II) There is a 4-ball B (Z with the following properties. We draw B as 
in Definition 1.1. 

(1) Li-{BnLi)=L2-{BnL2). 

Ki,, -{Bn Ki,,)^K2^, - (B n K2^^) for each i. 

These diffeomorphism maps are orientation preserving. 

(2) B n Li is drawn as in Figure 4-10. B H L2 is drawn as in Figure 4-11. 

Figure 4-10. 
Figure 4-11- 

We do not assume which the orientation of B H Li (resp. B H L2) is. 

Note. Regard the operation, 

't=0 of Figure 4.7 t=0 of Figure 4.8 t=0 of Figure 4.9,' 
as an isotopy of (a part of) 1-knot. Then this operation is essentially same as 
the operation in the figure in the proof of Lemma 5.5 of |p^ . 
Proof of Theorem 2.1. By Proposition 4.3.(1), Li is obtained from L2 by 
one (l,2)-pass-move in a 4-ball B. 

Claim 4.8. There are Seifert hypersurfaces Vi for Ki and V2 for K2 such that: 

(1) - (B n Vi) = V2-{Br\ V2). 

These diffeomorphism maps are orientation preserving. 

(2) B nVi is drawn as in Figure 4.12. i? H V2 is drawn as in Figure 4.13. 

Note. We draw B as in Definition 1.1. We draw Vi and V2 by the bold line. 
The fine line means dB. 

BnVi (resp. SnFa) is diffeomorphic to (I^^ ^ [2, 3]) U (D^ x [0, 1]). We can 
regard {D^ x [0, 1]) as a 3-dimensional 1-handle which is attached to dB. We 
can regard (D^ x [2, 3]) as a 3-dimensional 2-handle which is attached to dB. 

BnVi has the following properties: BtHVi is empty for — 1 < t < and 0.5 < 
t<l. BoHVi is diffeomorphic to {D"^ x [2,S\)U{D^ x [0, 0.3]) E (D^ ^ [0.7,1]). 
Bq.^DKi is diffeomorphic to (D^ x [0.3, 0.7]). BtDVi is diffeomorphic to D'^UD'^ 
for 0<t< 0.5. 

BnV2 has the following properties: . BtC\V2 is empty for — 1 < < < —0.5 and 
< t < 1. BnC^V2 is diffeomorphic to (D^ ^ [2, 3])n(i:>2 x [0, 0.3])n(L'2 x [0.7, 1]). 
B-n.:-,r\V2 is diffeomorphic to (D^ x [0.3, 0.7]). BtC^V2 is diffeomorphic to D'^UD'^ 
for -0.5 <t<0. 

Figure 4.12 
Figure 4.13. 
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Proof of Claim. Put P = (the 3-manifolds in Figure 4.12) n {dB). Note 
P = (the 3-manifolds in Figure 4.13) n {dB). Put Q = Li n (5"^ - IntB^). Note 
Q = ^2 n (5"* — IntB^). By applying the following Proposition to [P U Q) and 
(S^ - IntB"^), Claim 4.8 holds. 

The following Proposition is proved by using the obstruction theory. We 
give a proof although it is folklore. 

Proposition. Let X he an oriented compact (m + 2) -dimensional manifold. 
Let dX 7^ (j). Let M he an oriented closed m- dimensional manifold which is 
emhedded in X. Let M ndX =^ (j). Let [M] = G Hm{X; Z). Then there is an 
oriented compact (m + 1)- dimensional manifold P such that P is emhedded in 
X and that dP = X. 

Proof. Let i/ be the normal bundle of M in X. By Theorem 2 in P.49 of Q is 
a product bundle. By using v and the collar neighborhood of dX in X , we can 
take a compact oriented (m + 2)-manifold N C X with the following properties. 

(1) N ^ M X D^. (Hence dN = M x S^.) 

(2) NndX = (ON) n (dX) =Mr\dX. (Hence (IntiV) ndX ^(jj. ) 

Take X - (IntA^). (Note X - (IntN) D dX.) There is a cell decomposition: 
X - (IntiV) 

= (dN) U {dX)U (1-cells e^)U (2-cells e^)U (3-cells e^)U (one 4-cell e'^). 
We can suppose that this decomposition has only one 0-cell e° which is in 
(dN) n (dX). 

There is a continuous map sq : (dN) U (dX) with the following prop- 

erties, where p is a point in S^. 

(1) soidX) = p. (Hence so{{dN) n (dX)) = p and so{e°) = p. ) 

(2) soldN : M X 5^ ^ 5^ is a projection map {x,y) i-> y. 

Let S}, be a fiber of the S'^-fiber bundle ON = M x S^. Since [M] = e 
Hm{X\ Z), [5],] generates Z C iJi(X-Int /V, dX; Z). (We can prove as in the 
proof of Theorem 3 in P. 50 of § ) 

Let f : Hi{X - IntiV, dX; Z) -> iJi(X - IntiV, Z)/Tor be the natural 
projection map. Let {fi[Sp]), ui, Ufc} be a set of basis of 
Hi{X — IntiV, dX; Z)/Tor. Take a continuous map 

si : (ON) U (9X)U(l-cells e^) ^ 5^ 

with the following properties. 

(1) Si\(ON)u{dX) = Sq 

(2) sileOyei : e° U e-'^ — > S'"'^ satisfies the following condition: If /([e" U e"'^]) = 
no • f {[S}]) + ^=inj ■ Uj e Hi{X - IntN, dX; Z)/Tor (n, G Z), 

then deg(sileouei) = no- 

Note that, if a circle C is nul-homologous in {dN) U (9X)U(l-cells e^), then 
deg(silc) = 0. 

Claim. There is a continuous map 

S2 : (ON) U {dX)U(l-cells e^)U(2-cells e^) ^ 

such that S2\{dN)uidX)U{l-ccUs ei) 

Proof. It is trivial that [de^] = G Hi{{dN) U (aX)U(l-cells e^);Z). Hence 
deg(si|ge2) = 0. Hence Si|ge2 extends to e^. Hence the above Claim holds. 

The map S2 extends to a continuous map s : X — (IntiV) — > 5^ since tti{S^) — 
0{l > 2). We can suppose s is a smooth map. 

Let q p. Let g be a regular value. Hence s~^{q) be an oriented compact 
manifold. d{s-\q)} C {{dN) U dX}. Since q p, s'^iq) n dX ^ (/). Hence 
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9{s~^{q)} C dN. Furthermore we have s"^?) n 9iV = d{s-^{q)} = M x {r}, 
where r is a point in S^. By using N and s~^(g), Proposition holds. 

By Claim 4.8, there is a smooth transverse immersion F : V" x [1, 2] — *■ S*^ 
such that i^|yx{i}(^ X {1}) — Vi and F\vx{2}iV x {2}) = V2. Give a spin 
structure aonVx [1, 2] by using F. Then the following two spin structures on 
Vi coincide one another. Call it r^. 

(i) the spin structure induced from the unique spin structure S** 

(ii) the spin structure induced from a on ^ x [1,2]. 

By using F, it holds that Vi and V2 are spin preserving diffeomorphism. 
This completes the proof of Theorem 2.1. 

§5. Proof of Theorem 2.2 

By Proposition 4.2, L and L' are (l,2)-pass-move equivalent. Take 2-links 
L = Li, L2, Lp-i, Lp = L' as in Definition 4.1. Obviously, it suffices to prove 
that /i(Li)=/i(Li+i) for each i {1 < i < p). By Theorem 2.1 we have: There 
are Seifert hypersurfaces, V^i.i+i for Li and Vi^u for Li+i, such that T/^.i+i and 
Vi+i^i are spin preserving diffeomorphism. Hence fi{Li)—fi{Li^i). 

§6. The proof of Theorem 2.3 

The following Fact 6.1 is an elementary fact. 

FactG.l. (Known) LetA^B,C\X and Y be a finite abelian group. Suppose 
A®B^X®X and B®C = Y®Y. Then A®C = P ®P for a finite abelian 
group P. 

It is obvious that Theorem 2.3 follows from Theorem 2.1, Fact 6.1, and 
Proposition 6.2. 

Proposition 6.2. Let V and V' be Seifert hypersurfaces for a 2-link L. Then 
the torsion part of HiiV; Z)(BHi{V'; Z) is congruent to G®G for a finite group 
G. 

Proof. Take Vi,...,Vp and Wi,...,Wp as in Fact 3.1 and its proof. By us- 
ing the Meyer- Vietoris sequence, we have Tor Hi{dWi; Z) ^ Tor {Hi{Vi; Z) © 
Hi{Vi+i; Z)} {i = 1, ...,p—l). The manifold dWi is a closed oriented 3-manifold 
embedded in S*^. Hence 

Tor HiidWf, Z)^G,® G, (*) 

for a finite abelian group Gi. ( See e.g. [|l^ ||lj]. We give a proof in the following 
paragraph.) Hence Tor {Hi{Vi; Z) ® Hi{Vi+i;Z)} = Gi © Gi. 

We give a proof for the above congruence (*): By using the Meyer- Vietoris se- 
quence H,{dW^- Z) ^ H,{W^■^) ®H,{S^ -Wy, Z) H,{S*; Z), Tor Hi{dW^; Z) ^ 
Tor {Hl{W^■,Z) e iJi(S'4 - Wi;Z)}. By using the Meyer- Vietoris sequence 
H,iWf,Z) ^ H,{S^-Z) ^ HdS\ W,-Z), H^{W,-Z) - H2{S\W,;Z). By 
the exc ision, H 2{S'^ ,W,]Z) ^ H2{S^ - Wi,dWi;Z). By the Poincare dual- 
ity, i72(5'4 - W„dW,; Z) = H^{S^ - Wi;Z). By the universal coefficien t the- 
orem, Tori/i(S'4 - W,; Z) = TotH^{S^ - W,; Z). Hence ToriJi(S'4 - Wj.Z) 
ToTH^[Wi;Z). Hence ToYU^[dW^\ Z) TotH^[S^ - Z)® TorHi{S^ - W,; Z). 
Hence the congruence (*) holds. 

By Fact 6.1, Tor {H^{Vx;Z) ® Z)} =G ® G for a finite abelian group 

G. Hence Tor Z) © Z)} =G © G. 

§7. The proof of Corollary 2.4, 2.5 and 2.6 
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Let K be the 2-twist spun knot of a 1-knot A. Let M be the 2-fold branched 
cyclic covering space of along A. By M — S-^ is a Seifert hypersurface 
for K. Let S" be a Seifert matrix of K. By Lemma 12.1, Theorem 12.2, and 
Theorem 12.6 in Chapter XII of ||l2|, there is a compact oriented 4-manifold X 
with the following properties, (i) M = dX. (ii) Hi (X; Z) (iii) H-i{X\7?j'^0 
(iv) The intersection form H2{X] Z) x H2{X] Z) — > Z is represented by S S. 
(Note: By using the Poincare duality, the universal coefficient theorem, and the 
above conditions (ii) (iii), it holds that H2{X; Z) is torsion free.) 

By the above fact (iv), the intersection form is even. By this fact, the above 
(ii), and P.27 of it holds that X is a spin manifold. Hence, for a spin 
structure a on M, ii{M,a) = mod 16 a{S S). (Note that there is a spin 
3-manifold whose spin structure is more than one.) 

(1) Let A be the trefoil knot. Let S* be ( ^ l ' ' '^^'^^ intersection 



form of X is represented by 

Hence we have: 

(1.1) Hi{M -B^;Z) ^ 5 



2 1 
1 2 



Hence Hi(M — S^; Z2) = 0. Hence M — has only one spin structure. 

2 
1 



Hence n{K) = n{M) = mod 16 (a ( ^ l ]). Hence we have: 



(1.2)/i(i^) = 2. 

(2) Let A be the figure eight knot. Let be ^ ^ \ j ' '^^'^^ inter- 

f 2 1 

section form of X is represented by ( 2 

Then we have: 

(2.1) gi( M~B3; Z ) ^Zb. 

Hence Hi{M — B^; Z2) = 0. Hence M has only one spin structure. Hence 
fi{K) ~ fJ-iM) ~ mod 16 (cr ( 2 1^' ^^^'^^ have: 

(2.2) n{K) = 0. 

(3) Let K be the 5- twist spun knot of the trefoil knot. Let M be the Poincare 
homology sphere. Then we have: 

(3.1) There is a Seifert hypersurface for K which is diffcomorphic to M — B^. 
(See §65 of |l|. ) 

(3.2) n{K) = ijl{M) = 8. (See e.g. P.15 and P.67 of §. ) 
The above (1.2) and Theorem 2.2 imply Corollary 2.4. 

The above (1.1) (or (2.1)) and Theorem 2.3 imply Corollary 2.4. 
The above (2.1), (2.2) and Theorem 2.3 imply Corollary 2.5. 
The above (3.1), (3.2) and Theorem 2.2 imply Corollary 2.6. 

§8. Any SHB link is ribbon-move equivalent to a boundary 
link 

See P.640 of [|l^ and P.536 of [|l8) etc. for sublinks of homology boundary 
links ( i.e. SHB links ), homology boundary links and boundary links. 

Theorem 8.1. Let L = {Ki, K2) be a 2-link. Let L he a sublink of a homology 
boundary link. Then L is ribbon-move equivalent to a boundary link. 
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To prove Theorem 8.1, we need lemmas. By the definition of SHB Unks (in 
P. 536 of [g ) the following holds. 

Lemma 8.1.1. Let L = {Ki,K2) be the 2-link in Theorem 8.1. There is 
a connected Seifert hypersurface Vi for Ki ( i = 1,2 ) such that V\ fl V2 is 
diffeomorphic to a disjoint union of 2- spheres S\,...,S^. 

We prove: 

Lemma 8.1.2. Let L ~ {Ki, K2) be the 2-link in Theorem 8.1. Then there is a 
2-link L' = K2) which is equivalent to L satisfying the following condition: 
there is a Seifert hypersurface Vl for (i = 1,2) such that V( D V2 is one 
2-sphere Sq. 

Proof of Lemma 8.1.2. Take Vi and V2 in Lemma 8.1.1. If = 0, then 
Theorem 8.1 holds. If = 1, then Lemma 8.1.2 holds. Suppose > 2. 

We can suppose that and S"! satisfy the following: There is a point 
pi G Sf, a point p2 G 5*1, and a path I C Vi such that (1) dl — pillp2 (2) 

I n {Sf n ... n s^) = pi n p2 (3) inKi^cj). 

Take a 4-dimensional 1-handle h^ C whose core is / such that h^ is 
attached to V2 along pi 11 p2 • Then h^ OVi is a 3-dimensional 1-handle which 
is attached to Sf 11 S2 along pi Up2. We carry out surgery on V2 by using h^ . 
The new manifold is called V2 ■ Then V2 is a connected Seifert hypersurface for 
K2 . When we carry out the surgery on V2 , we carry out surgery on Sf 11 S*! by 
using the 3-dimensional 1-handle h^ DVi. Then the result is a 2-sphere. Then 
Vl n V2 is (i^ — 1) 2-spheres. By the induction on i^, Lemma 8.1.2 holds. 

Lemma 8.1.3. Let L = {Ki, K2) be the 2-link in Theorem 8.1. Then there is a 
2-link L" ~ {K'l, K'-i) which is equivalent to L satisfying the following condition: 
there is a connected Seifert hypersurface for K'^ (i — 1,2) such that Vl' C]V2 
is one 2-disc Dq. 

Proof of Lemma 8.1.3. Take V{ and V2 in Lemma 8.1.2. Take a point 
p C dV{. Take a point q C = V( n K,'. Take a path I C V{ such that 

(1) dl=pUq. {2)lnS^ = ql3)lnK[= p. 

Let TV be a tubular neighborhood of I in V(, Then iV is a 3-ball. Note that 
N C] Ki is a 2-disc, which is a tubular neighborhood of p in Ki. Note that 
q Cint N. Note that Int {N n gg) is in Int N. Then the follow ing hold . (1) 
V( - N r\Vi is a 2-disc. (2) d{V-[ - N) is equiva lent to Ki. (3) {d{Vl - N), K2) 
is equivalent to V and hence to L. {d{Vl ~ N),K2) is called L" = {K'{,K!I). 
This completes the proof of Lemma 8.1.3. 

Proof of Theorem 8.1. Take V" and Vj" in Lemma 8.1.3. We can suppose 
that dDl C K'l and that c IntV^' . Take a 3-ball P C V^' such that P n K'^ 
is a 2-d isc and that C Int P. Then Vl' n d{Vi' ~ P) ^ (f>. Let L' be a 2-Hnk 
{K'l , d{V2' — P))- Then L' is a boundary link. Furthermore L' is obtained from 
L" by an operation that we fix Kl and that we move K'2 to ^(Ij" — P) so that 
we fix K'2 n d{y2' — P). This operation on L' is essentially same as a ribbon 
move. This completes the proof of Theorem 8.1. 3 

Theorem 8.2 Let L = {Ki,K2) be an SHB 2-link. Then fj.{L) = n{Ki) + 
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Proof. By Theorem 8.1, L is ribbon-move equivalent to a boundary 2-link 
L = (i?i,i?2)- Let be a Seifert hypersurface for Ki such that V\ H V2 = 4>- 
Then /Lj(L)=/i(Vi iJh?) + ii{V2^h^), where is a 3-dimensional 3-handle which 
is attached to Vi along the 2-sphere dVi. Hence n{L)—fi{Ki) + ^(^^2)- By 
Theorem 2.2, fi{L) = n{L) and ^l[Ki) = fi{Kt). Hence fi{L) = fi{Ki) + ^i{K2). 

Problem 8.3. 

(1) Let L = {Ki,K2) be a 2-link. Then does ^l{L) = n{Ki) + fi{K2) hold? 

(2) Is there an n-link which is not an SHB link {n > 2)? 

§9. Discussions 

We would point out the following facts by analogy of the discussions of finite 
type invariants of 1-knots (e.g. [^) although they are very easy observations. 

By using Theorem 2.2 we have: The /Lt-invariant of 2-links is an order zero 
finite type invariant if we define 'order of invariants' by using ribbon-moves ( 
e.g. as follows ), and there is a 2-knot whose /z-invariant is not zero. 

We define order, for example, as follows. Let /„ be the set of immersed m 
2-spheres with the conditions: (1) The set of singular points consists of double 
points. (2) Each component of the set of singular points is as in Figure 9.3. 
(3) The components of the set of singular points are n. Then Iq is the set of 
m-component 2-links. Let Vi{ ) £ G be an invariant of elements of It, where 
G is a group. Let Xq be an element of li+i- Let X+ and X_ be elements of 
li. Suppose that Xq, X^ and X_ coincide in S"^ — B*. Suppose that Xq D B is 
drawn as in Figure 9.3, X^ n -B is drawn as in Figure 9.1, and X_ n -B is drawn 
as in Figure 9.2. In Figure 9.1, 9.2, 9.3, we do not assume the orientation of 
X^n B and that of B. If we have {vi+i{X)}^ = {v,{X+) - v,{X^)y and v, is 
zero for i > p, then we call w*( ) is an order p invariant of 2-links. 

We define a link-type invariant v{ ) of (S"^, T^)-links. ( See pO| for detail. 
See (52, r2)-links for We caU it the alinking number of {S^ ,T^)-liiiks. Let 

L = {Ls,Lt) bea (S'2,r2)-link. Let t be the map i7i(S'4-Ls; Z) ^ H^{Lt;Z) 
induced by the inclusion. 

Define 

r n if Hi(LT;Z)/Imi = Z©(Z/(7i-Z)) (n>2,7ieN) 
v{L)^< 1 if i/i(LT; Z)/Imi = Z 

[0 if i/i(LT; Z)/Imi = Z©Z. 

Then the mod 2 alinking number of (S*^, T^)-links is an order one finite type 
invariant if we define 'order of invariants' by using ribbon-moves (e.g. as above), 
and there is an (S*^, r^)-link whose mod 2 alinking number is not zero. (The 
proof is similar to the proof that the linking number of 2-componcnt 1-links is 
an order one finite type invariant. See ||l9|| .) 

Note. and |^ etc. try to make a high-dimensional version of works on 
1-links by Jones, Witten, Kontsevich, Vassihev, etc. (in |||] |^ [Q [D etc. ) 
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Appendix 

A ribbon 2-link is a 2-link L = {Ki, ...,Km) witli the following properties. 
There is a self-transverse immersion / : DllL...]IDf^ such that: {a)f{dDf) 

coincides with Ki. (b)The singular point set X consists of double points. (c)For 
each connected component Xi of X , f^^{Xi) is diffeomorphic to the two 2-discs. 
(d)Put d{f-\X,)}=P U Q. One of P H Q is included in the boundary of Df 
and another of P 11 Q is included in the interior of for integers i,j. ( We do 
not assume i =/= j nor i = j. ) 
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